Abstract. We prove a subelliptic estimate for systems of complex vector fields under some assumptions that generalize the essential pseudoconcavity for CR manifolds, that was first introduced by two of the Authors, and the Hörmander's bracket condition for real vector fields. Applications are given to prove the hypoellipticity of first order systems and second order partial differential operators. Finally we describe a class of compact homogeneous CR manifolds for which the distribution of (0, 1) vector fields satisfies a subelliptic estimate.
Introduction
In this paper we prove a subelliptic estimate for sums of squares of complex vector fields. Namely, given a distribution Z(M ) of complex vector fields on an m dimensional real smooth manifold M , we find conditions for the subellipticity of Z(M ), i.e. the validity of the estimate (0.1)
where U is a relatively compact open subset of M and > 0, C > 0 are positive constants, depending on U and on L 1 , . . . , L n ∈ Z(M ), and C ∞ 0 (U ) is the space of smooth complex valued functions on M , with compact support contained in U . It is known that this estimate implies the C ∞ -hypoellipticity in U of n j=1 L * j L j (see e.g. [16, 12] ). Our result directly applies to the study of the overdetermined systems of first order partial differential operators on M , that are canonically associated to Z(M ) and to a C-linear connection on a complex vector bundle E π − → M . We also investigate the C ∞ -hypoellipticity of more general second order partial differential operators on M , of the form
where a is a complex valued smooth function in C ∞ (M ), L 0 , L 1 , . . . , L n are smooth complex vector fields on M , and only the imaginary part of L 0 is required to belong to the C ∞ (M )-linear span of L 1 , . . . , L n ,L 1 , . . . ,L n . Our original motivation, and also our main applications, involve CR manifolds. However, the study of (0.1) and of the operators (0.2) is of independent interest, and related questions have been considered recently in [18, 7, 6, 22, 23] . These papers show that the consideration of complex L j 's brings completely new phenomena, compared with the real case (see e.g. [14, 8] ).
Condition (1.21) for the subellipticity of Z(M ) can be viewed as a generalization, at the same time, of both the essential pseudoconcavity of [12] in CR geometry and Hörmander's condition of [14] for the generalized Kolmogorov equation. In fact, in §2 we prove that, at points that are generic for Z(M ) (in a sense made precise in Definition 2.15), it is equivalent to a condition (2.32) , that involves semidefinite generalized Levi forms attached to Z(M ) and their kernels. This quite explicit formulation was suggested by specific examples from [1] . However, conditions (1.21) and (2.32) apply to more general contexts than CR geometry. At the beginning, we assume neither that Z(M ) is a distribution of constant rank, nor that it satisfies any formal integrability condition, nor anything special about the intersection Z(M ) ∩ Z(M ); but conditions of this type need to be imposed in §2 to obtain the equivalence of (1.21) and (2.32).
The work of [18, 7, 6] shows that the condition that the Lie algebra generated by Z(M ) spans the full complexified tangent space is in general not sufficient either for subellipticity or for the C ∞ -hypoellipticity of the sum of squares. The present work is complementary, inasmuch as our sharpest results hold away from singularities and in the case where Z(M ) is a Lie algebra.
We reduce the question of the subellipticity of Z(M ) to one involving real vector fields. Indeed, our task is to find all real vector fields X that are enthralled by Z(M ), i.e. satisfy for some L 1 , . . . , L n ∈ Z(M ) and > 0, C > 0 depending on X and U . In §1 we observe that this set is a module over the Lie algebra A Z (M ) generated by those real vector fields X for which (0.3) holds with = 1. This was essentially shown in [16] . By an argument of J.J.Kohn (see [18] and Lemma 1.8 below), we know that (Re Z) satisfies (0.3) with = 1 2 for all Z ∈ Z(M ). On the other hand, on an open dense subset M of M that excludes some singular points for Z(M ), one can check that a real vector field X satisfying (0.3) with > 1 2 is necessarily the real part of some Z ∈ Z(M ). Hence we conjecture that the real vector fields X, satisfying (0.3), coincide on a dense open subset of M with the elements of the A Z (M )-module generated by the real parts of the elements of Z(M ). In §2 we characterize, outside the singular set, the Lie algebra A Z (M ). Then equality (2.31), together with Lemma 1.8, would give a complete and explicit description of the set of real vector fields enthralled by Z(M ).
A motivation for [12] was to understand the structure of a large class of CR manifolds, of higher CR codimension, that are of finite type in the sense of [4] , and are not pseudoconcave in the sense of [11] , because of the vanishing of their scalar Levi forms in some characteristic codirections. To prove also in this case a subelliptic estimate for the tangential Cauchy-Riemann operator on functions, two of the authors invented in [12] the notion of essential pseudoconcavity. Compared with the usual more restrictive notion of pseudoconcavity, it allows some of the scalar Levi forms to be zero. The subelliptic estimate is then obtained for weaker Sobolev norms than the 1 2 -norm in [11] . On essentially pseudoconcave almost CR manifolds the maximum modulus principle and the weak unique continuation principle for CR functions ( [12, 13] ) are valid. Under the additional assumption of formal integrability of the CR structure, it was also possible to prove, in case the CR manifold is either compact or real analytic, finiteness and vanishing theorems for the highest cohomology groups of the∂ M -complexes ( [21] ).
Our new condition is more general than the weak pseudoconcavity of [12] , as here we allow the scalar Levi forms in some characteristic codirections to be semidefinite. As a heuristic motivation, consider a CR submanifold M of a complex manifold F . If M is contained in a strictly pseudoconvex real hypersurface of F , then it is easy to find L 2 loc germs of CR functions that are not smooth. We can expect, vice versa, that all CR distributions on M are smooth when all germs of hypersurfaces through M in F are strictly pseudoconcave. This is indeed the case when our condition (2.32) is verified. It is discussed in §5.
As in [12] , the homogeneous examples have strongly inspired our investigation. After considering general homogeneous CR manifolds in §6, in §7 we classify all minimal orbits of real forms G of G C -homogeneous flag manifolds (see e.g. [24, 1, 2] ) that enjoy condition (1.21) . In [1, §13] , together with Prof. Medori, two of the authors gave the complete classification of the essentially pseudoconcave minimal orbits. Here we show that those satisfying (1.21) form a strictly larger class of CR manifolds, on which the local CR distributions are smooth.
We collected our results on hypoellipticity in §4. Given a complex vector bundle E π − → M , endowed with a C-linear connection ∇, for each complex vector field Z on M we obtain a differential operator ∇ Z , acting on the sections of E. We prove that the subellipticity of Z(M ) implies the C ∞ -hypoellipticity of (∇ Z ) Z∈Z(M ) . This yields, for a compact M , finite dimensionality of the space of global solutions of (∇ Z (u)) Z∈Z(M ) = 0, and closedness of the range of (∇ Z ) Z∈Z(M ) . For CR manifolds, this implies that the cohomology groups H p,1 ∂ M (M ) of the tangential Cauchy-Riemann complex are Hausdorff.
The subellipticity of Z(M ) gives C ∞ -hypoellipticity for the sum of squares and also for slightly more general operators (see Theorem 4.3). The question of generalizing the Kolmogorov equation to the case of complex vector fields is more complicated. We obtained two different formulations in Theorems 4.4 and 4.8. In the former, we obtain C ∞ -hypoellipticity under the condition that the A Z (M )-module generated by the real parts of the vector fields in Z(M ) and the "time" vector field span the whole tangent space at a point. This distinction between "space" and "time" vector fields makes this result weaker than the one of [14] for the case Z(M ) = Z(M ). This is the reason we prove in Theorem 4.8 a result generalizing [14] , under the condition that the real parts of the vector fields in Z(M ) satisfy (0.3) with = 1.
Subelliptic systems of complex vector fields
Let M be a smooth real manifold of dimension m. For U open in M , we denote by C ∞ (U ) (resp. C ∞ 0 (U )) the space of complex valued smooth functions (resp. with compact support) in U , and by X(U ) (resp. X C (U )) the Lie algebra of the smooth real (resp. complex) vector fields in U .
For each point p ∈ M we set
The dimension of the complex vector space Z p M is called the rank of Z(M ) at p. We do not assume in the definition that Z(M ) has a constant rank. The points where the rank of Z(M ) is not constant on a neighborhood are the singularities of
we say that Z(M ) has at most simple singularities.
We say that Z(M ) is formally integrable if
Distributions of real vector fields and their singular points are defined likewise.
there is an open neighborhood U of p in M , a real > 0, a constant C > 0, and a finite set L 1 , . . . , L n of vector fields from Z(M ), such that (0.1) is satisfied, where · and · 0 are the -Sobolev norms and the L 2 -norm with respect to some Riemannian metric on M (see e.g. [9] ). Remark 1.3. When Z(M ) is the complexification of a distribution of real vector fields Y(M ) ⊂ X(M ), then (0.1), at a generic point p ∈ M , is equivalent to the fact that Z(M ) and its higher order commutators span the whole complexified tangent space T C p M (see, e.g. [14, 8] ). However this condition is neither necessary nor sufficient, and does not imply C ∞ -hypoellipticity of the associated sum of squares operators when the vector fields are complex (cf. [18, 7, 6, 23] ).
We notice that S Z (M ) is a distribution of complex vector fields containing Z(M ), and S Z (M ) ∩ X(M ) is a distribution of real vector fields, and that both are spaces of global sections of fine sheaves of left modules, the first over the sheaf of germs of complex valued smooth functions, the second over the sheaf of germs of real valued smooth functions on M .
By the real Frobenius theorem we obtain (see e.g. [14] )
Remark 1.7. If Z ∈ S Z (M ) and Λ −1 is a properly supported pseudodifferential operator of order (−1) having its symbol in the class S −1 1,0 , then Λ −1 • Z is a subelliptic multiplier for Z(M ) in the sense of J.J.Kohn (see e.g. [17] ).
Pseudodifferential operators will be an important tool in the following. For their definition and properties we refer to [15, Chapter XVIII] .
If U is an open subset of M , and s a real number, we shall denote by Ψ s (U ) the space of properly supported pseudodifferential operators in U , of order less or equal than s, with symbol in S s 1,0 . For each coordinate neighborhood V ⊂ U , a Λ ∈ Ψ s (U ) is defined, in the local coordinates, by
with a ∈ C ∞ (V × R m ) and
The fact that Λ ∈ Ψ s (U ) is properly supported means that for every K U there is K U such that
The following Lemma is essentially contained in [18, p.949] .
Lemma 1.8. Let Z ∈ X C (M ) be any complex vector field. For every relatively compact open subset U M there is a constant C > 0 such that
This yields (1.10), and hence also (1.11) and (1.12).
In particular, if Z(M ) = {0}, the distribution S Z (M )∩X(M ) of real vector fields that are enthralled by Z(M ) is not trivial.
Also E Z (M ) is a distribution of complex vector fields, with
As a consequence of Lemma 1.8, we get Lemma 1.10.
We shall consider the condition at p ∈ M : 
Proof. We prove by recurrence on r ≥ 1 that, if X 1 , . . . , X r ∈ A Z (M ) and
. This follows from the definition of T Z (M ) for r = 1. Assume now that r > 1 and that In particular, we have the inclusion
and let > 0 be such that that Y = Z satisfies the estimate in (1.3). We can assume that 0 < ≤ 
The last term of this chain of inequalities is bounded by a constant times
The argument in the proof of Proposition 1.13 shows that, since [ [14] . Thus Corollary 1.15 can be viewed as a generalization of the analogous result for distributions of real vector fields.
is the distribution of (0, 1)-vector fields of an almost CR manifold M , it follows from §2 below that the essential pseudoconcavity condition of [12] implies that E Z (M ) = Z(M ) + Z(M ) and that M is of finite type in the sense of [4] . Therefore, Corollary 1.15 also generalizes [12,
As pointed out after the statement of Corollary 1.15, condition (1.21) becomes an effective criterion for subellipticity when it is possible to give an explicit description of E Z (M ), or of some nontrivial part of it. We begin by giving an upper bound for E Z (M ).
Lemma 2.1. Let Z(M ) be a distribution of complex vector fields.
If (Z(M ) + Z(M )) has at most simple singularities, and in particular if (Z(M ) + Z(M )) has constant rank, then
, we can reduce the proof to the case where
is the complexification of a distribution of real vector fields and Z ∈ E Z (M ) is real. Fix p ∈ M and take a coordinate patch U of p in M , centered at p, for which (1.13) holds, for real
We apply the inequality in (1.13) to the test function u τ (x) = τ m−4
4 χ(x)e iτ x,ξ −(τ /2)|x| 2 , where χ(x) ∈ C ∞ 0 (U ) satisfies χ(x) = 1 for x in a neighborhood of 0. Denote by z(x, ξ) and j (x, ξ) the symbols of Z and L j , respectively. We obtain
Computing the integral by the change of variables y = x √ τ , we obtain
Likewise, we have
By letting τ tend to ∞ in the estimate (1.13), we obtain that
Since L 1 , . . . , L n are real, the above inequality implies that Z(p) ∈ Z p M . Since p was an arbitrary point of M , this implies that Z ∈ Z(M ).
Remark 2.2. The proof of Lemma 2.1 yields a stronger statement: Let Z(M ) be a distribution of complex vector fields and assume that Z(M ) + Z(M ) has at most simple singularities. If Z ∈ S Z (M ) and
It suffices indeed to apply (2.2), in a coordinate patch U , as in the proof of Lemma 2.1, to the test functions v τ = τ (1− )/2 u τ , with 1 2 < < , and let τ → +∞. Then, if j (0, ξ) = 0 for j = 1, . . . , n, the right hand side of (2.2) stays bounded, while the left hand side tends to +∞, unless z(p, ξ) = 0.
2.1. The distribution Θ Z (M ). Lemma 2.1 suggests that, in order to find non trivial elements of E Z (M ), one should search in Z(M ). To this aim, we introduce the following Definition 2.3. Given a distribution Z(M ) of complex vector fields, we set
Proof. Clearly, if Z ∈ Θ Z (M ) and φ ∈ E(M ), the product φ Z also belongs to Θ Z (M ). To prove that Θ Z (M ) contains the finite sums of its elements, it suffices to show that, if, for some r ≥ 1, Z 0 , . . . , Z r ∈ Θ Z (M ) and
Lemma 2.5. Let Z(M ) be a distribution of complex vector fields and let
Proof. The proof closely follows that of [12,
Integrating by parts, and using (2.5) to compute the sum of the commutators, we obtain, for all u ∈ C ∞ 0 (M ),
where
Hence the inequality in (1.13) (withZ replacing Z) follows, with n = r + 2 and L j = Z j−1 for j = 1, . . . , r + 2.
2.2.
The characteristic bundle and the scalar Levi forms. Next we define the characteristic bundle of Z(M ) and the analogues, for a general distribution Z(M ), of the scalar Levi forms of CR manifolds. We restate condition (1.21) in terms of the characteristic bundle.
Proof. This follows because the elements of T Z (M ) can be expressed as linear combinations of the real parts of the [
, and vice versa, the real and imaginary parts of these [
The value of the right hand side of (2.7) only depends on the values
is a Hermitian symmetric form on the finite dimensional complex vector space Z p M .
Remark 2.9. In the case where Z(M ) is the space of (0, 1)-vector fields of an abstract CR manifold, it was shown in [11] that the subelliptic estimate (0.1) is valid with = 1/2 under the assumption that, for every ξ ∈ H 0 p M \{0}, the Levi form L ξ is indefinite; this assumption was weakened to allow L ξ = 0 for some nonzero characteristics ξ in [12] . These results suggest that the obstructions to the validity of (0.1) come from the characteristic ξ's for which L ξ = 0 is semidefinite.
The distribution K Z (M ). Our next aim is to relate E Z (M ) and the Levi forms associated to Z(M ).
Definition 2.10. Define
Assume in addition that Z(M ) is formally integrable and that
Proof. The first claim is a consequence of the fact that the set of isotropic vectors of a semidefinite Hermitian symmetric form is a complex linear space.
To complete the proof, we need to show that, if
Having fixed ξ ∈ H ⊕ M , we can argue in a small coordinate patch U about its base point p = π(ξ). By the assumption that Z(M ) is formally integrable, we can choose real coordinates x 1 , . . . , x m , centered at p, such that, for a pair of nonnegative integers h, with 2h + ≤ m, setting z j = x j + i x h+j for j = 1, . . . , h, a system of generators of Z(M ) in U is given by the vector fields
Here
This is obtained by first noticing that the real vector fields in Z(M ) are a formally integrable distribution of real vector fields. By the classical Frobenius theorem, we can choose a system of local coordinates in which this real distribution is locally generated by the L h+1 , . . . , L h+ above. By linear algebra we can obtain, in a neighborhood of p, from any basis of
does not contain either
for i = 1, . . . , . By this choice we obtain (2.12). Let (2.13)
We can assume, by a change of coordinates, that
In fact, by the formal integrability condition, it follows that
are commuting vector fields, and, since they also commute with their conjugates, by a change of the coordinates x 1 , . . . , x m− we can obtain a new coordinate system for which (2.14) is also satisfied. Let ξ ∈ R m be such that j (0, ξ) = 0 for j = 1, . . . , h + , where by j (x, ξ) we indicate the symbols of the differential operators L j . This means that the components ξ i of ξ are zero for 1 ≤ i ≤ 2h and (m − ) < i ≤ m. By the formal integrability condition, there is a second degree homogeneous polynomial
Next we observe that, by identifying ξ with the corresponding element in T * 0 R m , and setting
Thus, in particular,
for any such polynomial. In this way, we obtain a new q ξ , still satisfying (2.16), with the property that
Fix any real valued function χ ∈ C ∞ 0 (R m ) with χ(x) = 1 for |x| ≤ 1, 0 ≤ χ(x) ≤ 1 in R m , and χ(x) = 0 for |x| ≥ 2. For large τ > 0 the function
because of (2.18). If Z ∈ Z(M ), we have:
with a positive constant C 0 . Indeed χ(x 3 √ τ /2) = 1 when Z(u τ ) = 0, and we used the fact that Z(v ξ ) = O(|x| 2 ) and that
by making the change of coordinates y = x 3 √ τ shows that, with a constant C 1 > 0 independent of τ ,
On the other hand, for u ∈ C ∞ 0 (U ), we have, with a constant C 2 > 0 independent of u,
0 . For u = u τ and by using, while computing the integral, the change of variables y = x √ τ , we obtain
Since χ 2 (y/ 6 √ τ ) is increasing with τ , we get, with a constant
for τ 1.
By (2.20) and (2.21), (
Remark 2.12. By a slight variant of the proof of Proposition 2.11 we obtain: Assume that Z(M ) is formally integrable and that Z(M ) and Z(M )∩ Z(M ) are both distributions of constant rank. Let p ∈ M . If there exists
Proposition 2.13. For every distribution of complex vector fields Z(M ), we have
Assume that
Finally, if Z(M ) is formally integrable and of constant rank,
To prove that, under the additional assumptions, we have the equality (2.29), we apply an argument similar to the one employed in [12, Theorem 2.5] .
By the constancy of µ 0 (p), the characteristic set H 0 M is a smooth real vector bundle on M . Then the assumption that δ 0 (p) is constant implies that H ⊕ M generates a smooth linear subbundle of H 0 M , and therefore the quotient H 0 M/ H ⊕ M is a smooth real linear bundle on M .
Since ν 0 (p) is constant, 
By repeating this argument for a set of elements of K Z (M ) whose values at p 0 give a basis for K p 0 M , we prove that every Z ∈ K Z (M ) coincides, on an open neighborhood of p 0 in M , with the restriction of an element of Θ Z (M ). Moreover, the number of elements of
We can assume that the covering {U a } has a finite index. Then, by using a partition of unity {χ a } subordinated to {U a }, and summing together vector fields χ a · Z (a) j with disjoint supports, we end up with a finite subset
When moreover Z(M ) is formally integrable and has constant rank, we obtain (2.30) as a consequence of Lemma 2.5 and Proposition 2.11. Definition 2.14. We say that a higher Levi form concavity condition is satisfied at the point p ∈ M if (2.32)
Definition 2.15. We say that the distribution Z(M ) is regular at a point p 0 ∈ M if its rank, and the functions µ 0 (p) of (2.26), δ 0 (p) of (2.27), ν 0 (p) of (2.28 
Proof. The regularity assumption implies that all
, the restriction of L ξ to Θ Z (M ) is semidefinite, and hence there are
Then because of Propositions 2.7 and 2.13, and Lemma 2.5, we obtain that (2.32) implies condition (1.21) at regular points of Z(M ).
If in addition Z(M ) is formally integrable, then by the equality (2.30), the opposite implication is also true.
Pullbacks of Distributions
Let M, N be smooth real manifolds, and N − → M a smooth submersion. Given a distribution of complex vector fields Z(M ), its pullback [ * Z](N ) consists of all W ∈ X C (N ) with the property that
be the vertical bundle, and (3.2)
Lemma 3.1. Let N − → M be a smooth submersion. Then 
Remark 3.6. We keep the notation of Definition 3.5, and let , ι be the
Lemma 3.7. Let M, N be two smooth real manifolds, and N − → M be a smooth submersion. Then 
Proof. Using Remark 3.6 we shall split the proof by separately considering the case in which φ is a submersion and the case where φ is an immersion.
First we assume that N φ − → M is a smooth submersion. In this case Let E π − → M be a complex vector bundle of rank r on M , endowed with a C-linear connection
In a local trivialization E| U U × C r , the connection ∇ is described by the datum of a gl(r, C)-valued smooth one form γ = (γ α β ) ∈ C ∞ (U, gl(r, C) ⊗ T * M ). Using upper Greek letters for the components of the sections in
By C-linearity, we can define, for each complex valued vector field Z ∈ X C , a linear partial differential operator
Let us fix a smooth Riemannian metric g on M and a smooth Hermitian metric h on the fibers of E π − → M . Then we can define the formal adjoint
where dλ g is the Lebesgue density on M with respect to the Riemannian metric g.
We obtain an analogue of [12, Theorem 4.1]:
Proof. The statement is local. Therefore by substituting for M a relatively compact open neighborhood of p 0 , we can assume that Z(M ) is generated by a finite set of vector fields L 1 , . . . , L n , and that, for some > 0 and C > 0, we have the estimate
We can also assume that E is the trivial bundle M × C r on M , so that (4.5) is equivalent to the system
with a α j β ∈ C ∞ (M ). Defining (4.9)
we obtain from (4.7) that, with some new constant C > 0 and the same > 0:
We have, for χ ∈ C ∞ 0 (M ),
In particular, if u ∈ L 2 loc (M, C r ) is a weak solution of (4.8), we have that
n . By applying Friedrichs' theorem on the identity of the weak and strong extensions of a first order partial differential operator, we can find a sequence
The subelliptic estimate (4.10) yields a uniform bound for the Sobolevnorm v ν . This implies that χ u ∈ W (M, C r ), where W (M, C r ) denotes the Sobolev space of L 2 -vector valued functions that have L 2 -derivatives of the positive real order . Hence u ∈ W loc (M, C r ).
To show that u ∈ C ∞ (M, C r ), we use the Sobolev embedding theorem: it suffices to show that u ∈ W s loc (M, C r ) for all s > 0. Assume that we already know that this is true for some
and has compact support. Fix any scalar pseudodifferential operator Λ q ∈ Ψ q (M ), with s 0 − < q ≤ s 0 . Then, by the continuity properties of classical pseudodifferential operators, we obtain
because Λ q and the commutator [d, Λ q ](u) have orders ≤ s 0 and χ u, d(χ u) ∈ W s 0 (M ) and have compact support in M . Thus, by the argument above, Λ q (χ u) ∈ W (M, C r ). This implies that χ u ∈ W q+ (M, C r ), with q + > s. Since χ was an arbitrary smooth function with compact support in M , this yields u ∈ W q+ loc (M, C r ). By recurrence we obtain that u ∈ W s loc (M, C r ) for all s > 0, and hence is equal a.e. to a smooth section. The proof is complete.
Corollary 4.2. Assume that M is compact and that Z(M ) is subelliptic at all points p ∈ M . Then
(1) the space
has a closed range. By this we mean that, if {σ ν } is a sequence of sections in C ∞ (M, E) and for each Z ∈ Z(M ) there is f Z ∈ C ∞ (M, E) such that ∇ Z (σ ν ) converges uniformly to f Z in M , then there exists a section σ ∈ C ∞ (M, E) with ∇ Z (σ) = f Z for all Z ∈ Z(M ).
Proof. (1) follows from the Sobolev embedding theorem, because
is an L 2 -closed subspace of C ∞ (M, E) on which the L 2 and the -Sobolev norm, for some > 0, are equivalent. Finally, (2) is a consequence of the fact that, since M is compact, for a finite set L 1 , . . . , L n ∈ Z(M ), some > 0 and some const > 0, on the L 2 -orthogonal complement of O Z (M ), we have the coercive estimate
Theorem 4.3. Let Z(M ) be a distribution of complex vector fields.
(1) We can find a locally finite family {L j } ⊂ Z(M ), such that, for any choice of a ∈ C ∞ (M ), the second order operator
is hypoelliptic at all points of M at which Z(M ) is subelliptic. (2) If Z(M ) is finitely generated then, for any set of generators L 1 , . . . , L n of Z(M ), and for any choice of Z 0 ∈ Z(M ) + Z(M ) and a ∈ C ∞ (M ), the operator
is hypoelliptic at all points p of M where Z(M ) is subelliptic. Let M be the open subset of M of points p where Z(M ) is subelliptic. Then the operators P of (1) and (2) satisfy the following: nν ∈ Z(M ) be chosen in such a way that, for suitable ν > 0, C ν > 0, we have the estimate
Take smooth functions χ ν ∈ C ∞ 0 (U ν ) such that supp(χ ν ) U ν , the family {supp(χ ν )} is locally finite, and ν |χ ν (p)| 2 > 0 for all p ∈ M . Then (1) holds with
By [19] , the hypoellipticity of (4.17) and of (4.18) is a consequence of (4.20). Since it suffices to prove that for each p ∈ M , there is a small open neighborhood U M of p for which (4.20) holds true, we can reduce the proof to the case where Z(M ) is the C ∞ (M )-module generated by L 1 , . . . , L n ∈ Z(M ), and the operator P is of the form (4.18).
By integration by parts we obtain (4.21) Theorem 4.4. We keep the notation of Definition 1.11. Assume that Z(M ) is generated by a finite set L 1 , . . . , L n of complex vector fields. Let X 0 ∈ X(M ) be a real vector field. Let
In particular, T (M ) is the A Z (M )-Lie-submodule of X(M ) generated by X 0 and T Z (M ). Then, for any choice of Y 0 ∈ T (0) Z (M ) and a ∈ C ∞ (M ), the second order partial differential operator
is hypoelliptic at all points p ∈ M where
We divide the proof of Theorem 4.4 into several steps. First we prove 
. Then for every real s ≥ 0, and every open subset U with U U , there is a constant C = C(s, U ) such that
Proof. Let Λ s ∈ Ψ s (U ) be elliptic. Then we have, with real constants
Thus, using the inequality
we obtain that the left hand side of (4.28) is bounded by a constant times
The operator Q = P + n j=1 L * j L j is an operator of the first order, with principal part X 0 + iY 0 . Therefore if A ∈ Ψ 0 (U ), we obtain
where we use O(N (u)) to indicate some quantity whose modulus is bounded by a constant times N (u). This computation yields (4.29)
Clearly (4.29) implies (4.28).
It is known (see e.g. [14, 18] ) that Lemma 4.6. If (4.28) is valid for all s ∈ R + and all open subset U U , then P is C ∞ -hypoelliptic in U .
End of the proof of Theorem 4.4. By the previous Lemmas, we only need to prove (4.27). First we note that, for all u ∈ C ∞ 0 (U ),
Since, for some positive constant C 0 depending on U ,
we obtain, upon integrating by parts, that with a constant C 1 > 0,
Next we note that, taking for A 0 ∈ Ψ 0 (U ) the composition with X 0 of an elliptic pseudodifferential operator Λ −1 ∈ Ψ −1 (U ), we have, with some constant C 2 > 0,
We obtain, with constants C 3 , C 4 > 0,
To complete the proof, it suffices to show that, if Y ∈ X(M ) satisfies, for some δ > 0, for some A 1 , . . . , A r ∈ Ψ 0 (U ), and a constant C > 0, the estimate
and X ∈ A Z (M ), then we have, with some A 1 , . . . , A r ∈ Ψ 0 (U ), and constants δ > 0, C > 0,
Recall that the estimate (1.13) holds for Z = X, and hence
∀u ∈ C ∞ 0 (U ), with a constant c X > 0. Then, with positive constants c i > 0 and a T ∈ Ψ δ−1 (U ), we get
Assuming, as we can, that δ ≤ 1 2 , we obtain
The last term, in view of (4.33), can be estimated by the right hand side of (4.32). Likewise
, and in view of (4.33), also this last term can be estimated by the right hand side of (4.32). The proof is complete.
Remark 4.7. Theorem 4.4 is weaker than the analogous statement in [14] in the case where the L j 's are real. Indeed, for L j ∈ X(M ), setting X 0 = L 0 , our assumption requires that all commutators [L j 1 , . . . , L j r−1 , L jr ] with r ∈ Z + , and 0 ≤ j h ≤ n, and j h > 0 for h < r, span the tangent space T p M . The statement in [14] , also proved in [16] and [8] , allows j h = 0 also for 1 ≤ h < r. This motivates us to consider separately the special case where 
Let us define:
Then the second order differential operator
Proof. We shall prove that, for every X ∈ T (M ), Proof. We closely follow the argument in [16, p.66-68] . Condition (4.35) means that, for every U M there is a constant C 0 > 0 such that
Thus, by (4.30), we obtain, with a constant C 1 that only depends on U M ,
Let Y ∈ X(M ) satisfy (4.44). We have, with T 2δ−1 ∈ Ψ 2δ−1 (U ), and for all
We shall estimate separately each summand inside the parentheses in the last term. In the following U will be a relatively compact open subset of M and all functions u will be smooth and have compact support in some fixed relatively compact open subset of U .
We have
with L n+1 ∈ Z(M ) + Z(M ) and a ∈ C ∞ (M ). Hence using (4.46), ( * )
The term in parenthesis can be estimated by a constant times ( u 2 0 + P (u) 2 0 ), provided we choose a δ so small that Y satisfies (4.44) in U with some ≥ 2δ. For the first summand on the right hand side of ( * ), we have
The right hand side is bounded by a constant times ( u 2 0 + P (u) 2 0 ), provided again that (4.44) holds for Y with ≥ 2δ.
For the commutator [P, T 2δ−1 ], we have
Thus, because of (4.46), also the term |(Y (u)|[P, T 2δ−1 ](u)) 0 | is bounded by a constant times ( u 2 0 + P (u) 2 0 ), provided again that (4.44) holds for Y with ≥ 2δ.
Therefore, provided again that (4.44) holds for Y with some ≥ 2δ, all terms but those of the form L j T * 2δ−1 (u) 2 0 are bounded by a constant times ( u 2 0 + P (u) 2 0 ). Thus we only need to bound the terms L j T * 2δ−1 (u) 2 0 . We have, by (4.30), with some constant
The last summand inside the parentheses on the right hand side is bounded by a constant times ( u 2 0 + P (u) 2 0 ), provided again that (4.44) holds for Y with some ≥ 2δ. Let us consider the first one. Note that the composition
Hence we obtain, with some constant C 6 > 0,
which can be bounded by the right hand side of (4.44), provided Y satisfies (4.44) with ≥ 4δ. Finally we note that
). Thus, by repeating the discussion above with T * 2δ−1 replacing T 2δ−1 , we find that the left hand side of (4.47), provided Y satisfies (4.44) with ≥ 4δ, is bounded by a constant times ( u 2 0 + P (u) 2 0 ). This concludes the proof of the Lemma. 
The hypoellipticity of P in U , with a gain of derivatives, follows in a standard way from (4.49) (see e.g. [14] ).
Applications to almost CR manifolds
In this section we shall consider the case where M is an almost CR manifold of CR dimension n and CR codimension k, and Z(M ) is the distribution of vector fields of type (0, 1) on M . This means that conditions (i), (ii) and (iii) below are satisfied:
When the formal integrability condition (iv) is also satisfied, we say that M is a CR manifold.
When M is an almost CR manifold, it is customary to write T 0,1 M for the complex bundle with fibers T 0,1
The Z-morphisms of §3 are then the CR maps, i.e. the smooth maps φ :
Lemma 5.1. If an almost CR manifold M satisfies the higher order Levi form concavity condition at a point p, then M is of finite type at p.
The next statements clarify in what sense condition (2.32) is a pseudoconcavity condition.
Proposition 5.2. Let M be a CR manifold of hypersurface type, i.e. of CR codimension k = 1. If Z(M ) satisfies the higher Levi form concavity condition (2.32) at a point p, which is regular for Z(M ), then M is strictly pseudoconcave at p.
Proof. Let 0 = ξ ∈ H 0 p M . We want to prove that L ξ is indefinite. Assume by contradiction that this is not the case. Replacing, if needed, ξ by (−ξ), we can assume that L ξ ≥ 0. By assumption (2.32) we can choose Z 0 ∈ Z(M ) and
We can take r minimal with this property. In particular, we have
because of the integrability condition (iv), and then, from ( * ), we have
The proof is complete.
Corollary 5.3. Let N be a generic CR submanifold of a CR manifold M (this means that T 0,1
If M is of hypersurface type and Z(N ) satisfies the higher Levi form concavity condition (2.32) at a point p 0 , regular for Z(M ), then M is strictly pseudoconcave at p 0 .
Proof. The statement follows from Propositions 3.8 and 5.2.
Lemma 5.4. Let M, N be almost CR manifolds, and : N → M a CR map and a smooth submersion. We denote by Z(M ) and Z(N ) the distributions of (0, 1) vector fields on M , N , respectively. If M is strictly pseudoconvex at a point p 0 , i.e. if there is ξ 0 ∈ H 0 p 0 M with L ξ 0 > 0, and moreover p 0 is regular for Z(M ), then the higher Levi form concavity condition (2.32) for Z(N ) is not satisfied at any point q 0 ∈ −1 (p 0 ).
Proof. Replacing
M by an open neighborhood of p 0 in M , we can assume that M is strictly pseudoconvex at all points. Then K Z (M ) = 0, and hence K Z (N ) is contained in the complexification of the vertical distribution V (N ). Indeed, if ξ ∈ H ⊕ p M and q ∈ −1 (p), the pullback * (q)(ξ) belongs to H ⊕ q N . Thus if η 0 = * (q 0 )(ξ 0 ) for q 0 ∈ −1 (p 0 ), then η 0 does not satisfy (2.32). Indeed, η 0 vanishes on the pullback of Z(M ) + Z(M ), and this distribution is a V (N )-module. 
Subellipticity conditions for homogeneous CR manifolds
Let M be a CR manifold, homogeneous for the CR action of a Lie group G. Fix a base point o ∈ M and denote by (6.1) :
the associated principal bundle. In [20] we associated to M and the base point o the CR algebra (g, q), that is the pair consisting of -the Lie algebra g of G, -the complex Lie subalgebra q of g C = g + ig given by
at the identity. For X ∈ g we denote by X * the left-invariant vector field in G with X * (e) = X. Let
The following statement is straightforward. Proposition 6.1. Let M = G/G o be a G-homogeneous CR manifold, Z(M ) the distribution of (0, 1)-vector fields on M , and Z(G) the distribution on G defined by (6.4). Then
(1) The distributions Z(M ) and Z(G) are regular at all points; (2) the principal bundle fibration G − → M is a Z-morphism,
and conditions (2) , (3), (4) of Proposition 3.8 are satisfied.
Proposition 6.1 can be used to reduce the question of the subellipticity of the distribution of (0, 1)-vector fields of a homogeneous CR manifold to Lie algebra computations.
Let (g, q) be the CR algebra associated with the G-homogeneous CR manifold M and its base point o. Let (6.6)
To each ξ ∈ t 0 we associate the Levi form
We also set
Since all points of M and of G are regular for Z(M ) and Z(G), respectively, we obtain from Proposition 2.13: Lemma 6.2. Let (g, q) be a CR algebra. The set k q is a linear subspace of q and is equal to the set
The elements
As a consequence of Propositions 2.16, 6.1 and Lemma 6.2 we have Proposition 6.3. Let M = G/G o be a homogeneous CR manifold and let (g, q) be the CR algebra associated with M and the base point o. We denote by Z(M ) the distribution of (0, 1)-vector fields on M . Then the following are equivalent.
(g, q) satisfies the condition:
7. Orbits of a real form in a complex flag manifold
In this section we investigate the subellipticity of the distribution of the (0, 1)-vector fields of the homogeneous CR manifolds which are real orbits of real forms in complex flag manifolds. The study of their CR geometry has been already started in [1, 2] , to which we refer for the complete explanation of many details. 7.1. Complex flag manifolds and orbits of a real form. We recall that a complex flag manifold is a closed complex projective variety, that is a coset space of a connected semisimple complex Lie group G C with respect to a complex parabolic subgroup.
A real form G of G C is a real Lie subgroup of G C whose Lie algebra g is a real form of g C , i.e. such that g ⊂ g C and g C = g + ig. We shall writē Z for the conjugate of an element Z ∈ g C with respect to the real form g. The left action of G decomposes F into a finite set of G-orbits (see [24] ). All G-orbits M = G · o are generically embedded CR submanifolds of F . It turns out that F and also M , if we take G connected, are completely determined by the Lie algebra g C , by its real form g, and by the complex parabolic Lie subalgebra q ⊂ g C of the isotropy subgroup Q at o. Thus we shall write M = M (g, q), for the homogeneous CR manifold M . We denote by G o = Q ∩ G the isotropy subgroup at the base point o and by
The Lie algebra g o of G o contains a Cartan subalgebra h of g (see e.g. [24, 1, 2] ). Its complexification h C = h+ih is a Cartan subalgebra of g C . Let R be the set of roots of g C with respect to h C , and g C α = {Z ∈ g C | [H, Z] = α(H)Z, ∀H ∈ h C } the eigenspace corresponding to the root α ∈ R. Since h C ⊂ q, the subalgebra q is ad g C (h C )-invariant. Hence we have
To say that q is parabolic means that Q contains a positive system of roots R + . Let ≺ be a corresponding partial order on the linear span h * R of R, and B = {α 1 , . . . , α } the set of simple positive roots in R + . Every root α ∈ R can be written in a unique way as a linear combination with integral coefficients of the elements of B:
where all k j 's are either ≥ 0, or ≤ 0, according to whether α is positive or negative with respect to ≺. We define the support of α to be the set
be the set of simple roots α whose opposite (−α) does not belong to Q. Then
Since Q is completely determined by Φ, we shall write Q Φ , q Φ , Q Φ for the parabolic set of roots, the complex parabolic subalgebra and the complex parabolic subgroup, respectively, that are attached to any special choice of the subset Φ of B. We shall also introduce the notation
The conjugation in g C induced by the real form g defines, by duality, a conjugation α →ᾱ in R. We partition R into three subsets:
R re = {α ∈ R |ᾱ = α} real roots, (7.8) R im = {α ∈ R |ᾱ = −α} imaginary roots, (7.9) R cx = {α ∈ R |ᾱ = ±α} complex roots. (7.10) The Cartan subalgebra h is invariant under a Cartan involution ϑ of g, whose set of fixed points k is a maximal compact Lie subalgebra of g. With p = {X | ϑ(X) = −X}, we have that for imaginary α, the eigenspace g C α is contained either in k C = k + ik, or in p C = p + ip. In the first case we say that α is a compact root. Compact roots form a root subsystem R • of R.
The G-homogeneous CR structure of M is defined, as in §6, by assigning the subspace
. Here e is the identity of G and we denote by the same symbol d (e) the complexification of the differential d (e) :
For each Z ∈ g C we can consider the fundamental vector field Z * ∈ X C (M ). Its real and imaginary parts are the infinitesimal generators of the flows associated to the left translations by exp(tRe(Z)) and exp(tIm(Z)), respectively.
Fix a Chevalley basis 1 {H α | α ∈ B}∪{Z α | α ∈ R} of g C . The restrictions to G of the vector fields H α , for α ∈ B, and Z α , for α ∈ Q Φ , form a basis for the pullback Z(G) of Z(M ).
Since g C is semisimple, the Killing form κ g C is nondegenerate. Thus, as in [1, §13] , we can use the Killing form to identify the complexification t 0 C of the space t 0 of (6.6) with the linear span of (7.12) Z α for α ∈ Q n Φ ∩Q n Φ . This is obtained by associating to Z α the linear form
Correspondingly we obtain the complexified Levi forms (7.14)
When α ∈ R re ∩ Q, it actually corresponds to a Levi form (2.7) at o. The intersection Q n Φ ∩Q n Φ does not contain imaginary roots. To a pair of 1 This means that Zα ∈ g C α for all α ∈ R and that, for α ∈ B, we also have [Hα, Zα] = 2Zα, [Hα, Z−α] = −2Z−α, [Zα, Z−α] = −Hα; and moreover that the linear map defined by Hα → −Hα and Zα → Z−α is an involutive automorphism of the Lie algebra g C . Moreover, Zα ∈ g when α ∈ Rre and, if α ∈ Rim, we haveZα = Z−α when α is compact andZα = −Z−α when α is not compact. In general, Zᾱ = tαZα, with tα = ±1, for all roots α ∈ R, and we can take tα = 1 when α ∈ Rre (see e.g. [5] ). complex roots α,ᾱ ∈ Q n Φ ∩Q n Φ , correspond the two Hermitian symmetric forms obtained by polarization from the Hermitian quadratic forms
Note that L α (Z,W ) = ±Lᾱ(W,Z), when Zᾱ equals ±Z α , respectively. Thus each Levi form can be written as a linear combination of the L β 's for β ∈ Q n Φ ∩Q n Φ , the coefficients of L β and Lβ, for β ∈ Q n Φ ∩Q n Φ ∩ R cx being either conjugate or anticonjugate according to the sign in the equality Zβ = ±Z β .
Semidefinite Levi forms.
Lemma 7.1. Let R be a root system. There exist no triples α, β, γ ∈ R with α +ᾱ, β +β, γ +γ ∈ R, α +ᾱ = β +β, α +β = γ +γ.
Proof. Note that α, β, γ belong to the same irreducible component of R.
Thus we may as well assume that R is irreducible. We argue by contradiction. The root subsystem R generated by {α +ᾱ, β +β, γ +γ} is of type B 2 . Indeed, it is not of type G 2 because it is a proper subsystem of a larger root system, since all roots in R are real, while the fact that α +ᾱ is a root implies that R cx is not empty. Moreover, from (α +ᾱ) + (β +β) = 2(γ +γ), we deduce that R has rank 2 and contains roots of different lengths. Thus we can choose a basis {e j } in h * R such that α +ᾱ = 2e 1 , β +β = 2e 2 , γ +γ = e 1 + e 2 , and, furthermore, that α = e 1 + ae 3 , β = e 2 + ae 3 , γ = (1/2)e 1 + (1/2)e 2 + be 3 + ce 4 for some a, b, c ∈ R, and a > 0.
Let α|β = 2(α|β)/(α|α). Recall that, if α 1 , α 2 ∈ R are not proportional, then ( α 1 |α 2 α 2 |α 1 ) ∈ {0, 1, 2, 3}. Since α|γ +γ γ +γ|α = 2 1 + a 2 , we have a = 1, that is α = e 1 + e 3 and β = e 2 + e 3 . Then γ|α +ᾱ α +ᾱ|γ = 1 (1/2) + b 2 + c 2 implies that b 2 + c 2 = 1/2. Hence γ 2 = 1. This gives a contradiction, because α 2 = 2 and α +ᾱ 2 = 4, and at most two different root lengths are allowed in an irreducible root system.
As a consequence of Proposition 6.3 we obtain Proposition 7.2. Let M (g, q Φ ) be a G-orbit in the complex flag manifold F , and Z(M ) the distribution of its (0, 1)-vector fields. Set
and we have
A sufficient condition, in order that Z(M ) satisfy the higher Levi form concavity condition (2.32), is that
Consider any Levi form L = β∈Q n
This claim implies (7.16) and (7.17) , from which the last statement follows.
With respect to the basis {Z α } α∈Q\Q , the complexified Levi forms L β have mutually non overlapping nonzero entries, and each of them has at most one nonzero entry in each row (or column). Note that, for β ∈ Q n Φ ∩Q n Φ ∩R cx , the matrix of L β has no diagonal entries. Partition Q n Φ ∩Q n Φ into the following subsets:
is indefinite and has nonzero entries on and off the diagonal .
If a coefficient c β in the decomposition of L is different from zero for some β ∈ H 1 , then L is indefinite. The same is true for β ∈ H 3 . Indeed, β is real and there exists γ such that β = γ +γ because L β has a nonzero diagonal entry. Moreover, there are roots α, α ∈ Q such that β = α +ᾱ because L β has a nonzero entry off of the main diagonal. By Lemma 7.1, the restriction of L β to g α + g α is indefinite. Hence the only possible nonzero coefficients are those corresponding to roots in H 0 = H ⊕ and H 2 . The statement then follows from the following statement about Hermitian matrices:
Let A = (a i,j ) 1≤i,j≤ be a Hermitian symmetric matrix with a i,i = 0 for i = 1, . . . , , and
By using Proposition 3.8 we obtain Proposition 7.3. Let g be a semisimple real Lie algebra, h a Cartan subalgebra of g and B a system of simple roots of R + . Let Ψ ⊂ Φ ⊂ B.
Proof. The inclusions q Φ ⊂ q Ψ and Q Φ ⊂ Q Ψ induce a smooth submersion M (q, q Φ ) → M (q, q Ψ ), that is also a CR map and satisfies the hypotheses of Proposition 3.8.
7.3. Minimal orbits. In [24] it is shown that there is a unique G orbit in F (the minimal orbit) that is compact. It is connected and has minimal dimension. Minimal orbits have been studied, from the point of view of CR geometry, in [1] . If (g, q) is the CR algebra of a minimal orbit M , then g o contains a maximally vectorial Cartan subalgebra h of g. This choice of h is equivalent to the fact that R im = R • , i.e. that all imaginary roots are compact (see [3] ).
The fact that M = M (g, q) is minimal is then equivalent to the possibility of choosing the positive root system R + ⊂ Q in such a way that (7.19) for α ∈ R cx α 0 ⇐⇒ᾱ 0.
This leads to a complete classification of the minimal orbits in terms of cross-marked Satake diagrams (see e.g. [1] ), i.e. by systems Φ ⊂ B, where B are the simple roots of a positive system R + satisfying (7.19) . Using these Φ's, we give below a complete classification of the minimal orbits for which the distribution of (0, 1) vector fields satisfies the higher order Levi concavity condition (2.32).
When g decomposes into a sum g = g (1) ⊕· · ·⊕g ( ) of simple ideals, the CR manifold M (g, q) is a Cartesian product M (g (1) , q (1) ) × · · · × M (g ( ) , q ( ) ), (see [1, p.490] ). Thus we can reduce the question of the validity of the higher order Levi form concavity condition, and also of the subellipticity and hypoellipticity of Z (M (g, q) ), to the case where g is a simple real Lie algebra. Namely, this property will be valid for M (g, q) if, and only if, it is valid for each factor M (g (h) , q (h) ), for 1 ≤ h ≤ .
Thus we state the following classification theorem for the case of a simple g.
For the Satake diagrams characterizing the different simple real Lie algebras, their labels and those of the roots of a simple positive system, we refer to [10] , or to the Appendix in [1] .
Theorem 7.4. Let (g, q Φ ) be the CR algebra of a minimal orbit M , with g simple and assume that M is a CR manifold of finite type in the sense of [4] . Then Z(M ) satisfies the higher order Levi form concavity condition (2.32) if and only if one of the following conditions is satisfied Note that the condition for M being of finite type in the sense of [4] is explicitly described in terms of Φ in [1, Theorem 9.1].
Proof. We use the results of [1, §13, §14] . We stress the fact that we are assuming that M is of finite type, so that some choices of Φ are excluded from our consideration because of [1, Theorem 9.1].
First we prove that if (2.32) holds true, then (g, q Φ ) satisfies one of the conditions (1) . . . (6) . If (g, q Φ ) is not one of those listed in the statement, in all cases, with the two exceptions of CIIa with α 2p−1 ∈ Φ and Φ ∩ {α h | h > 2p} = ∅, and FII with α 3 ∈ Φ, then M admits a G-equivariant fibration onto one of the manifolds described in [1, Examples 14.1, 14.2, and 14.3]. These are strictly pseudoconvex, hence M does not satisfy the higher order Levi form concavity condition by Lemma 5.4. The two remaining cases will be discussed below, while proving the opposite implications.
We know from [1, Theorem 13.4] that M is essentially pseudoconcave, and hence in particular (7.18) and (2.32) hold, in case one of the following is satisfied:
(1 ) case (1), (2 ) case (2) (4), (5 ) case (5) when either α 4 ∈ Φ ⊂ R • , or Φ = {α 3 , α 5 }; (6 ) case (6) when Φ ⊂ {α 1 , α 2 }. In all of these situations the subellipticity of Z(M ) was already proved in [12] .
To complete the proof, we need only consider the cases in the list in which M is not essentially pseudoconcave. Next we proceed to a case by case discussion.
AIIIa. In this case g su(p, q) with 2 ≤ p < q. Let Φ = {α j 1 , . . . , α j k }. We need to discuss the case where Φ ∩ {α p , α q } = ∅, but Φ intersects both R • and its complement B \ R • . By the condition that M is of finite type, we know from [1, Theorem 13.4 ] that Φ does not contain at the same time a simple root α j , with 1 ≤ j < p, and its symmetrical α p+q−j . Since Φ and Φ = {α p+q−j | α j ∈ Φ} define anti-isomorphic CR manifolds, we can assume in the proof that 1 ≤ j 1 < · · · < j a < p < j a+1 < · · · < j b < q < j b+1 < · · · < j k < j k+1 = p + q, p − j a < j b+1 − q.
The real roots that correspond to non zero semidefinite Levi forms are γ s = p+q−s j=s α j for p + q − j b+1 < s ≤ j a .
Indeed, those α ∈Q Φ \ Q Φ for which g C α is not contained in the kernel of the Levi form L γ must satisfy supp(α) ∩ Φ = supp(γ) ∩ Φ.
Thus all roots α inQ Φ \ Q Φ with supp(α) ∩ Φ ⊃ {α ja , α j b } belong to K Φ . This is the case in particular for all the simple roots not in Q and for the roots − q−1 j=p α j and − q j=p+1 α j , whose conjugates are −α q and −α p , respectively. This implies that all roots in −(Q n Φ ∩Q n Φ ) are sums of roots in K Φ ∪ K Φ , giving condition (7.18).
CIIa. We need to consider the cases where Φ = {α j 1 , . . . , α j k } contains at the same time a root α j with j < 2p and a root α j with j > 2p. This means that k ≥ 2, and we can order the indices in such a way that 1 ≤ · · · < j a < 2p < j a+1 < · · · ≤ , with j r odd for 1 ≤ r ≤ a. The positive real roots are γ r = α 2r−1 + α + 2 −1 j=2r α j .
Since their supports contain α j a+1 , they all belong to Q n Φ ∩Q n Φ . Let j a = 2q − 1. The Levi forms L γr are indefinite if r > q by [1, (ii), p.520]. Next we note that L γr with 1 ≤ r < q are identically zero, because there is no root α inQ Φ \ Q Φ with supp(α) ∩ Φ = supp(γ r ) ∩ Φ. Indeed, if α is a negative root whose support contains supp(γ r ) ∩ Φ for some 1 ≤ r < q, then α 2q−2 and α 2q both belong to supp(α) and hence also to supp(ᾱ). This implies that also α 2q−1 ∈ Φ belongs to the support of both α andᾱ, showing that −α ∈ Q n Φ ∩Q n Φ . It was shown in [1, p.520, (iii)] that L γq is not zero and is positive semidefinite. The set of pairs β, β ∈Q Φ \ Q Φ with β +β = γ q was shown in [1, p.520, (iii)] to consist of the pairs (β s , β s ) with β s = − s j=2q α j for 2p ≤ s < j a+1 .
We now distinguish two cases. If q < p, the root −ᾱ 2p belongs to K Φ . Then the root system generated by K Φ ∪ K Φ contains −(Q n Φ ∩Q n Φ ) and hence the higher order Levi form concavity condition (7.18) is satisfied. When p = q, then no element of (K Φ ∪ K Φ ) \ R + contains α 2p in its support. Thus condition (7.18) fails for γ q because, in the expression for (−γ q ) in (7.3), the coefficient of α 2p is (−2), while for all roots inQ Φ it is ≥ (−1).
EIII. We only need to consider the cases where either Φ = {α 3 }, or Φ = {α 5 }. Due to the symmetry of the EIII diagram, we can restrict our attention to the case where Φ = {α 3 }.
We note that γ = α 1 + 2α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 is the unique positive real root. It belongs to Q n Φ ∩Q n Φ and the corresponding Levi form L γ is semidefinite, having rank 1. Indeed, α = −α 1 − α 2 − 2α 3 − 2α 4 − α 5 is the unique root inQ Φ \ Q Φ for which α +ᾱ = −γ, and there is no other pair β, β ∈Q Φ \ Q Φ for which β +β = −γ. Thus all simple roots belong to K Φ ∪ K Φ , and hence the higher Levi form concavity condition (7.18) is satisfied.
FII. We are left to discuss the case where {α 3 } ⊂ Φ ⊂ {α 1 , α 2 , α 3 }. There is only one positive real root, namely γ = α 1 + 2α 2 + 3α 3 + 2α 4 , that belongs to Q n Φ ∩Q n Φ . The corresponding Levi form L γ has rank one, and hence it is semidefinite. The set K Φ is the complement of {−α 4 } in Q Φ . Then no element of (K Φ ∪ K Φ ) \ R + contains α 4 in its support. Thus condition (7.18) fails for γ because, in the expression for (−γ) in (7.3), the coefficient of α 4 is (−2), while for all roots inQ Φ it is ≥ (−1).
